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It is shown that the existence of a strict local minimum satisfying the constraint
qualification of {16] or McCormick’s {12] second order sufficient optimality condition implies
the existence of a class of exact local penalty functions (that is ones with a finite value of the
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parameter is given by a norm of the optimal Lagrange multipliers which is dual to the norm
used in the penalty function.
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1. Introduction

We shall be concerned here with the nonlinear programming problem

minimize  f(x),
subject to g(x)=0, h(x)=0, (1.1)

where f, g and h are functions from R" into R, R™ and R¥ respectively. A point x
in R" satisfying the constraints g(x) <0, h(x) =0 is called feasible. A feasible
point % such that f(x) = f(x) for all feasible x# X in some neighborhood N (¥) of
X is called a local solution of (1.1). If f(¥)<f(x) then x is called a strict local
solution of (1.1). We shall associate with this nonlinear programming problem
the following class of penalty functions.

P(x, @)= f(x) + aQ(lg(x)., ()], . (1.2)

where « is a nonnegative real number, (g(x).); = max{0, g}(x)}, j =1, ..., m, || is
any fixed vector norm in R™** and Q is some function from the nonnegative real
line R. into itself with the following properties

Q(0) =0, ' (1.32)
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Q)>0 for (>0, (1.3b)
0> Q0+):= lim LY =0 _ 4 (13¢)
750+ 4

Obviously the third condition of (1.3) is equivalent to Q'(0) being positive and
finite when Q is differentiable at 0. Included in this class of penalty functions is
the classical exact penalty function

m k .
Pi(x, @)1= £ + a( 3 g0, + X () (1.4

which is obtained from (1.2) by setting Q(¢) = ¢ and using the one norm. With
some exceptions [1,2,4] most of the literature on exact penalty functions is
generally devoted to this particular penalty function [3, 10, 14, 17,22, 23] and is
mainly concerned with conditions that ensure that P,(x, «) has a local (global)
minimum at a local (global) minimum of (1.1) for all sufficiently large but finite
values of a. The best known among these conditions is probably the one due to
Pietrzykowski [17] which requires the linear independence of the gradients of all
the equality constraints and of the active inequality constraints, that is those
inequalities satisfied as equalities at the point being considered. One of our
principal results, Theorem 4.4, is more natural than Pietrzykowski’s result which
it subsumes. It is more natural because it merely requires the constraint
qualification of [16]. This constraint qualification besides ensuring the satis-
faction of the Karush~Kuhn-Tucker conditions at local minima of (1.1) has been
shown to be a necessary and sufficient condition for the constraints of (1.1) to be
stable under small perturbations [20]. In this sense this constraint qualification
may be viewed as the minimum requirement for a problem to be numerically
well-posed. In [3] by using the completely different approach of multifunction
theory a local minimum for Py(x, @) is also established under a ‘“controllability
condition” which turns out to be equivalent to the constraint qualification of
[16]. Qur generalization of the penalty function P(x, a) to the class P(x, a),
which subsumes that of [2], is not merely generalization for its own sake but in
order to allow us to handle special functions Q of other norms in (1.2) and in
particular the infinity and two norms which can be used to obtain improved
quasi-Newton computational algorithms [6,7, 8, 19]. We also note that the clas-
sical exterior penalty function [5], which can also be obtained from (1.2) by using
the two norm and letting Q(¢) = 2, violates however the requirement (1.3)
because Q'(0) =0. This is as expected because it is well known that for the
classical exterior penalty function the penalty parameter o is not finite. (See
however, an interesting exception to this for linear programs in [1] and references
therein.) Using instead Q({)=¢ or Q)= ¢+ ¢* with the two norm would
however result with an exact penalty function which would again be
nondifferentiable.

Because of the significant role played in this paper by the constraint
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qualification of [16], Section 2 of this paper will be devoted to the derivation of
an equivalent statement of this constraint qualification which will be used in
deriving one of our principal results, Theorem 4.4. Section 3 is devoted to
second order sufficient optimality conditions which also play an important role in
establishing the existence of exact penalty minimum points. In particular we
derive a second order sufficient optimality condition of the Fritz John type
(Theorem 3.1) which subsumes McCormick’s well known second order sufficient
optimality condition (5, 12]. We also give an equivalent formulation (3.6) of
McCormick’s second order condition (3.9) which may be used to derive second
order optimality conditions for quadratic programming without any knowledge
of the optimal Lagrange multipliers (Corollary 3.6). Section 4 contains our
principal results pertaining to the class of exact penalty function P(x, a) defined
by (1.2). Theorem 4.1 shows that the existence of an exact penalty function
minimum point implies the existence of a minimum point to the nonlinear
programming problem (1.1). Theorem 4.2 shows that local solutions of exact
penalty functions within the class given by (1.2) are the same. Theorem 4.4
shows that for sufficiently large but finite a, P(x, ) has a local minimum point at
any strict local minimum point ¥ of (1.1) which satisfies the constraint
qualification of [16]. In Theorem 4.6 we show that McCormick’s second order
sufficiency conditions imply that P(x, a) has a strict local minimum for all values
of the penalty parameter a that are larger than a constant times a norm of the
optimal Lagrange multipliers. This norm is dual to the norm used in the
definition of the exact penalty function (1.2). In Theorem 4.8 we show that the
existence of a local minimum of P(x, «) for all sufficiently large « implies, under
suitable assumptions, the satisfaction of the Karush-Kuhn-Tucker conditions
[11] for problem (1.1). In our final theorem, Theorem 4.9, we treat the convex
case and again establish the fact that the generalized Slater constraint
qualification [13] implies that P(x, @) has a global minimum for all values of the
penalty parameter larger or equal to the lower bound established in Theorem 4.6.
We note that Theorem 4.6 and its corollary, Corollary 4.7, subsume and sharpen
Theorem 2 of [2], while Theorems 4.9 and 4.1 subsume and sharpen Theorem 1
of [2].

To simplify notation a vector is either a row or a column vector depending on
the context. For example, the inner product of two vectors x and y is written
simply as xy rather than x"y.

2. Equivalent forms of the constraint qualification

We begin by recalling the following definition of the constraint qualification.

Definition 2.1. [13,16]. Let g(X) =<0, h(¥)=0 and I ={i l g(x)=0,i=1,..,m}
The constraints g(x) =0, h(x) = 0 are said to satisfy the constraint qualification
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of [16] at X if g is differentiable at X, h is continuously differentiable at %, and
Vhi(x), i=1,...,k are linearly independent
and, there exists a z € R" such that
Vgi(x)z <0, (€], (2.1)
Vh(x)z=0, i=1,..,k

It can be shown by using theorems of the alternative [12] that (2.1) is
equivalent to the following condition.
There exist no u;, i€ I and v, i = 1, ..., k such that

k
> u;Vgi(%) + >, v;Vhi(E) = 0,

fet =1

w=0, icl (2.2)
(ui,iEI,Ui,i= 1,,k)#0.

We state and prove now an alternate formulation of (2.1) that will be needed in
deriving our exact penalty results.

Theorem 2.2 (Constraint qualification equivalence), Let g(X)=<0, h(x)=0, I =
{i lgi(f) =0,i=1,...,m} and let g and h be continuously differentiable at x. The
constraint qualification (2.1) is satisfied at X if and only if there exists an open
neighborhood N (X; €) of X such that

For each bounded function b(x): N(%; €)— R* there exists a

bounded function d(x): N(X; €)—>R" such that for all x in

N(x; €)

Vag(x)dixy=-1, i€l (2.3)
Vh(x)d(x)=bi(x), i=1,..,k

Proof. (2.3)=> (2.1): Just set b(x) =0 and x = X in (2.3) and note that for each b
in R*, VR(X)z=b;, i=1,...,k has a solution z in R". (2.1)=(2.3): Because
Vhi(x), i=1, ...,k are linearly independent it follows that k < n. Choose n — k

vectors in R”, w', w’ ..., w"™ such that {VA(%),..., Vh(%), w',..., w" ¥} are
linearly independent. Define the n X n matrix function A(x) as follows:
Vhi(x)
| Vad(x)
A(x) = w!
L wnfk

Since A(X) is nonsingular there exists an € >0 such A7!(x) exists and is bounded
in N(x; €). By (2.1) there exists a vector Z in R" such that
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Vgi(X)z <0, i€l
Vhi(x)z=0, i=1,..,k

Define z(x) = A (x)c where

wi |ER"

w- 'z

Clearly z(X)=Z and z(x) is continuous in N(X; €). Thus we can shrink e, if
necessary, so that

2

Vgi(x)z(x)=— =% for xEN(X;e) and (€1,

™~

where
—v =max{Vg(x)z} <0.
iel
We also have that
Vhi(x)z(x)=0 for xEN(X;¢e) and i=1,..,k
Let b(x) be any given bounded function from N (X; €) into R, let

b(x) = [bg")] ER",

and let y(x) = A(x)"'h(x). The function y(x) is bounded in N(X; €) and further-
more

Vhi(x)y(x)=bi(x), i=1,...,k

Let
d(x) = Bz(x) + y(x)
where
_ %A1+ A)
A Y
and

A =max sup ){Vgi(x))/(x)}-

i€ xEN(x;e

Hende d(x) is bounded and satisfies (2.3).

We note that the more stringent constraint qualification used by Pietrzykowski
[17], namely that the gradients Vgi(x), i €I, Vh(X),..., Vh(X), are linearly
independent, implies the constraint qualification (2.2) and hence its equivalents
(2.1) and (2.3).
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3. Second order sufficient optimality conditions

We first derive in this section a second order sufficient optimality condition of
the Fritz John type for problem (1.1) which subsumes the standard second order
sufficiency condition of McCormick [12].

Theorem 3.1 (Generalized second order sufficiency). Let X be a local solution of
(1.1) or let (%, ity, &, ©) € R™'"™* satisfy the Fritz John necessary optimality
conditions for problem (1.1):
m k
B VF(X) + > 5Vg(X)+ > 5;Vhi(E) = 0.
=1 i=1
(o, 1) =0, (fHy, 1, 0)#0, 3.1
ag(x)=0, g(x)=0, h(x)=0.

Let f, g and h be twice differentiable at x, let I = {i I g(x)=0,i=1,...,m} and let

Vi(X)x <0 :
Vgi(X)x <0, icl > xV LYX, iy, i, 7)x >0 3.2
Vh()x=0, i=1,..,k
x#0
where
Lo, ug, u, v) = ugf (x) + ug(x) + vh(x) (3.3)

and Vi L(x, ug, u, v) denotes the n X n Hessian of L(x, uo, u, v) with respect to its
first argument x. Then X is a strict local minimum of (1.1).

Proof. We shall assume that X is not a strict local minimum of (1.1) and exhibit a
contradiction. Since X is assumed not to be a strict local minimum of (1.1), there
exists a sequence of feasible points {x/}, that is g(x/) <0 and h(x’) =0, conver-
ging to X, such that f(x') = f(%) and x’# . Hence

0= f0N 1) g )”J ~9) , o’ - %))

] AT =
_a0N—g® o =0 ol %) .,
R I A A N

hi(x') — (%) -5 o(x' -z .

—_— ==V — e =1,..,k
0= T3] "“n’ AT o=a

Hence there exists an accumulation point § of the sequence {s'}:={x — %/||]x' —
Z|} such that

Isl=1, Vfx)5F=0, Vg()i=<0, i€l
Vhi(x)§=0, i=1,..,k (3.4)
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Making use of the twice differentiability property now gives

0= LEN SO _VI@S 1 a0l -~ %)

== I -x Ix"— x|
i — &ilX Vg s/ i o i xI -5 .
OZg (’fxl)_)f”g ): ”fl(-_x)f” _'_%slvzgi(x)sj +O|(,” ; x””) i E I,
hi(x’) = h(X) _ Vh(®)s’ 1 ; 21 =y o O(Hx - .
0= — =458 Vh(X)s' + 55—, i=1,..,k
[ e I P
Multiplication of the above relations respectively by i, @, i€ 1, 0, i=1, ..., k,

summing and making use of the first equality of the Fritz John conditions (3.1)
which must hold when % is a local solution of (1.1) [13, 16] gives

o(lx’ - [

0=5s'V (X, do, i, B)s’ + AEEE R

Hence the accumulation point § of {s'} satisfies
sV LA(x, ity, i1, D)§ = 0.

This inequality together with (3.4) contradict (3.2).

We state now a paraphrase of McCormick’s second order sufficient optimality
conditions which may have certain advantages over the standard way [5, 12]
these conditions are stated. We will show that the paraphrase and standard
statements are equivalent, and we discuss below some of the advantages of the
paraphrase.

Theorem 3.2 (Paraphrase of McCormick’s second order sufficiency). Let
(%, 1, 5) ER™™* satisfy the Karush-Kuhn-Tucker necessary optimality con-
ditions for problem (1.1)

Vf(x) + i #;Vgi(%) + ﬁ 7 Vhi(X) = 0,
=1 i=1
i=0, ag® =0, g(X =0, h(x) =0. (3-5)

Let f, g and h be twice differentiable at %, let I ={i l g(xX)=0,i=1,...,m} and let

Vi(@)x =0,
Vg(¥)x <0, i€l
VhEx =0, i=1,.. Kk, > nlE&9x=>0, (3.6)
x#0
where
L(x, u, v) = f(x) + ug(x) + vh(x). 3.7

Then X% is a strict local minimum of (1.1).
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Remark 3.3. Theorem 3.1 subsumes Theorem 3.2 because whenever the Karush-
Kuhn-Tucker conditions (3.5) are satisfied, so are the Fritz John conditions (3.1)
with i, = 1. The following simple example shows that there are indeed cases
which are covered by Theorem 3.1 and not by Theorem 3.2:

minimize Xy,
subject to x3—x,=<0, (3.8)

x%+x250.

The origin in R? is the only feasible point and hence is a strict local solution.
Theorem 3.1 can be used to verify the uniqueness of the solution because the
Fritz John conditions are satisfied, whereas because the Karush-Kuhn-Tucker
conditions are not satisfied, Theorem 3.2 cannot be employed. The
same example (3.8) can be used to show that the origin is not a local minimum of
P(x, a) as defined in (1.4) for this problem. Hence the second order Fritz John
conditions cannot guarantee the existence of a local minimum for P,(x, a). We will
show however in Theorem 4.6 that McCormick’s second order sufficient optimality
conditions are sufficient to ensure that all exact penalty functions as defined by (1.2)
have a strict local minimum.

Remark 3.4. The standard way of stating the second order sufficiency condition
is to replace the implication (3.6) by the following equivalent one

Vgi(x)x=0, ielJ

Vgi(X)x=0, i€K

Vh(X)x=0, i=1,..,k
x#0.

where J and K are the following subsets of I:

é XVHL(JE, i, 15)x > 0, (39)

J={i|g®=0,a>0,i=1,..,m},

. (3.10)
K={i|g®)=0,i;=0,i=1,...,m}

That implication (3.9) is equivalent to implication (3.6) can be easily
established as shown by the following theorem.

Theorem 3.5 (Equivalence of (3.6) and (3.9)). Under the assumptions of
Theorem 3.2 implications (3.6) and (3.9) are equivalent.

Proof. We will show that, under the assumptions of Theorem 3.2, the sets S and
T in R” satisfying the conditions on the left-hand side of implications (3.6) and
(3.9) respectively are equal.

We first show that SC T. We assume that S is nonempty, otherwise the
implication is trivially true. Let x be in S. Clearly, we only need to show that for
jE I, Vgi(¥)x = 0. By (3.5) we have that
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Vi(X)x + ]EE; Vg (X)x + é)} 5 Vhi(X)x = 0.
Because Vhj(x)x =0 for j=1,...,k and & =0 for j € K, we have
VF(E)x + ,% 4Vg(%)x = 0.

Because each term in the above equation is nonpositive and i; >0 for j € J, we
then have

Vgi(x)x =0 for jE

We now prove that T C S. Again we assume that T is nonempty and let x be
any point in T. It suffices to show that Vf(¥)x =0. As before, we have

k
Vi(X)x + 2, Vgi(X)x + D, 7;Vhi(X) = 0.
jel j=1

Clearly Vf(x)x =0 because all the other terms are zeros. The proof is then
complete.

We give now an interpretation of the implication (3.6). The set of x in R”
satisfying the left-hand side conditions of (3.6) can be seen [15] to be the set of
directions along which the linearized problem, obtained by linearizing (1.1) around
X, has nonunique solutions. In order to have uniqueness for the nonlinear problem,
implication (3.6) requires that the Hessian of the Lagrangian be positive definite
along these directions. Besides having this simple interpretation, implication (3.6) is
also simpler than (3.9) because the left-hand side conditions of (3.6) do not require
any information on the multiplier vector # whereas the corresponding conditions of
(3.9) do. As an example of the usefulness of this fact we give below a sufficient
condition for the existence of a strict local minimum point for a quadratic
programming problem which does not require the knowledge of any of the
multipliers.

Corollary 3.6 (Sufficient conditions for a strict local minimum in quadratic
programming). Let X be a local solution of the quadratic program

minimize  3xQx + px,
subject to Ax <b, (3.11)
Cx =d,
where Q, A and C are nXn, mXn and k X n matrices respectively with Q

symmetric, and p, b and d are vectors in R", R™ and R* respectively. Let
I={i|AZ=b,i=1,..,m}.If
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(xQ+p)x=0
Ax =0, i€l y>xQx>0, (3.12)
Cx=0

then X is a strict local minimum of (3.11).

4. Exact penalty functions

We derive in this section our principal results which relate local (global)
solutions of the penalty function (1.2) to local (global) solutions of the nonlinear
programming problem (1.1). Our vehicle for deriving many of the results of this
section will be the classical exact penalty function P(x, a) defined in (1.4).
Because we wish to establish these results for the more general penalty function
of (1.2) we establish an important equivalence between members of the class of
penalty functions given by (1.2) in Theorem 4.2 below. Before doing this we
establish the sufficiency of the existence of an exact penalty minimum point for
the existence of a minimum point to the nonlinear programming problem. This
theorem was given in [14] without proof.

Theorem 4.1 (Sufficiency of exact penalty minimum). If there exists an @ =0
such that for all « = &, P(X, a) < P(x, &) for all x in some set Y containing X and
some feasible point of (1.1), then X solves (1.1) subject to the extra condition that
XEeyY.

Proof. We first show by contradiction that X must be feasible for problem (1.1).
If x is infeasible then Q(||g(X)., h(X)[) > 0. Choose any feasible point X which is
also in Y and let

D@D )
Qe k@D I

o > max{
We then have

f(®) = P(%, @) = P(%, &) = f(X) + aQ(g (%), h(D)]) > f(%),

where the last inequality follows from the choice of «. This gives a contradiction
and hence * is feasible for (1.1). To show that X is optimal for (1.1) let x be any
other feasible point for (1.1) which is also in Y and let « = &. Then

f(X) = P(x, a) = P(x, @) = f(x),
and hence % solves (1.1) with the added restriction that x € Y.

We show now that local solutions of exact penalty functions of the class given
by (1.2) are the same.
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Theorem 4.2 (Equality of local solutions of exact penalty functions). Let |-|, and
[-|, denote two vector norms in R™* and let the corresponding exact penalty
functions defined by (1.2) be denoted by P,(x, a) and P,(x, a) with corresponding
Q. and Q, satisfying (1.3). If there exists an X in R", an &, =0, and a
neighborhood N, (%) of X containing some feasible point of (1.1) such that g and
h are continuous on N,(X) and

P.(x,a)=P,(x,a) forallx EN,(X) and a=a,,

then there exists an &, =0 and a neighborhood N,(X) containing some feasible
point of (1.1) such that

P,(x,a)=P,(x,a) forallx&EN,(Xx) and a=a,
where

v

= (7=0) Glowme

and v,, is the positive number relating the y-norm and the v-norm in R™** by

for any € €(0, 1),

for all nonzero y € R™,

Proof. By Theorem 4.1, X is feasible for problem (1.1). Choose € €(0, 1) and
t >0 such that (1+€)QL0+)t=Q.(t) and Q,(t)=(1- €)QU0+)t for t €0, f)
and choose N,(X)C N,(x) sufficiently small such that [jg(x).,h(x)|, =<t and
lg(x)s, h(x)|l, =t for x € N,(x). This is possible because g(%). =0, h(X) = 0 and
g and h are continuous on N,(X). Note that N,(%) contains a feasible point to
problem (1.1), namely the point x itself. For any « = &, and x € N,(X) we have

P,(x, a) = f(x) + «Q.(lg(x):, h(x)].)
= f(x) + a(l — €)QUO+H)|g(x)., h(x)|,
= f(x) + a1~ QU0 g (x)., h(x)|,
=10 + v (155) 20D 0, 1800). kol

1+e€/ QL (0+)
= )+ v 5) e Qule(®).. AL
a (By definition of &,)
= f(3)
= f(0) + aQ.(|2(B).. h(D).)
= P,(X, a).

To prove our next principal result, namely that when a strict local minimum of
(1.1) exists satisfying (2.1), the constraint qualification of [16], a local minimum

to the exact penalty function P(x, «) exists, we make use of the following result
due to Pietrzykowski.
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Lemma 4.3 (Pietrzykowski [18]). Let f, g and h be continuous on a neighborhood
of X and let X be a strict local minimum point of problem (1.1). There exists a
number & =0 such that for any o = a there exists a positive number (o) and a
vector x(a) in R" such that

(i) x(a) € N(x; e(a))
(ii) lim,_. e(a) =0
(ii) P(x(a), o)< P(x, a) for all x € N(X; e(a)).

Theorem 4.4 (Strict local minimum and constraint qualification imply local
minimum of exact penalty). Let f, g and h be continuously differentiable on a
neighborhood of a strict local minimum point of X of (1.1) and let the constraint
qualification (2.1) hold at X. Then for each norm |-|| in R™** there exists an @ =0,
such that for all « = &, X is a local minimum of P(x, a), where P(x, ) is defined
in (1.2) with Q satisfying (1.3).

Proof. We will establish the result for Pi(x, «) of (1.4) and the theorem will
follow, by virtue of Theorem 4.2, for all other P(x, a) defined by (1.2) with Q
satisfying (1.3).

Let ¥ be a strict local minimum of (1.1) in the neighborhood N(x;é). If
I={i lg,-(X) =0, i=1,...,m} is empty and there are no equality constraints
h(x) =0, the theorem is trivially true. So assume that I is nonempty or there
exists at least one equality constraint. By Lemma 4.3, for all sufficiently large «,
there exist e(a) > 0 and x(«) such that x(a) is a local minimum point of P(x, a)
in N(¥; e(a)) and lim,_. (a) = 0. Let « be sufficiently large such that e(a) < & If
for such an « the point x(«) is feasible for problem (1.1), then by Lemma 4.3

f(x) = P((%, a) = Pi(x(a), @) = f(x(a)).

Because ¥ is a strict local minimum of (1.1), we then have that ¥ = x(a) and
hence % is a local minimum of P(x, «). Therefore to complete the proof we only
need to show that x(«) is feasible for all sufficiently large «. We shall assume the
contrary, that is there exists a sequence of positive numbers {a;} > such that
x(a;) is infeasible for problem (1.1), and exhibit a contradiction. Let a neighbor-
hood N(%; €) be defined as in Theorem 2.2 and consider the bounded function
b(x): N(%: €)= R"* defined by

(@)l if hi(x) #0,
bi(x) = { 0 if hy(x)=0.

By Theorem 2.2 there exists a bounded function d(x): N(x; €)—R" such that for
all x e N(X; €)

Vgi(x)dx)y<-1, i€l
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-1 if ii(x)>0,
Vh(x)d(x) = 0 if hi(x)=0,
1 if hi(x)<0.
Now choose €, € (0, €] such that g;(x) <0 for x € N(X; ¢) and iZ I. We then
have for x € N(X; €/) and x infeasible for (1.1) the following directional deriva-
tive for P,(x, o) of (1.4) in the direction d(x)
Pi(x,a; d(x)) = Vf(x)d(x)+a 2 Vg(x)dx)+a X (Vg(x)d(x)).

gi(x)>0 gi(x)=0

ta Y Vh(x)dx) +a 3 ~Vhi(x)d(x)+ahzoth,-(x)d(x)l

B()>0 R (x)<0 ;(x)=
= [VF)LId ) — a
Hence Pi(x(w;), a;; d(x(a;))) <0 for o; sufficiently large. This contradicts the fact
that x(e;) is a local minimum of Pi(x, ;). This contradiction establishes the
theorem for P(x, @) and consequently for all P(x, @) of (1.2) with Q satisfying
(1.3).

We establish next the existence of a strict local minimum of the exact penalty
function at each strict local minimum of problem (1.1) which satisfies the second
order sufficient optimality conditions of Theorem 3.2. In addition we are able
under these assumptions to give a lower bound to the penalty parameter «. We
begin by establishing a lemma.

Lemma 4.5. Let the assumptions of Theorem 3.2 hold. Then for any fixed
(u, v) ER™™* such that u>i and v>|5|, % is a strict local minimum of the
following function

m k
@(x, u, v)i= f(x) + 5:‘,1 uigi(x). + ZI ;] ().

Proof. If the lemma were false, then there exists a sequence {x'} converging to %
such that x'# x and

(X!, u, v) < (X, u, v).
Hence

m k
fx) = f(®) + 2} ugi(x'), + 21 vl i (x7) < 0.

By passing to a subsequence, if necessary, we have a vector s with [ls]l =1 such
that

s = lim X%
e X=X

Therefore

k
Vf(%)s + g} w;(Vg(X)s), + 21 v[Vhi(X)s] <0,
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where I ={i Ig;(f) =0, i=1,..,m}. Since (%, i, v) satisfy the Karush—-Kuhn-
Tucker conditions (3.5) we also have that

k
;I [4;(Vgi(X)s), — a;Vgi(X)s] + 21 [v:|Vhi(%)s| — 5:Vh(%)s] < 0.

Because u > it and v > ||, each term in the above summation is nonnegative and
hence zero. Thus it follows that

Vgi(x)s =0 fori&[l and i7; >0,
Vgi(x)s =0 fori€l and i;=0,
Vh(x)s =0 fori=1,..,k

By the second order sufficiency condition (3.6) or equivalently (3.9) it follows
that sV, (X, i, ?)s > 0. This implies that for sufficiently large j that

L(x', a4, 0) > L(%, @, ),
and consequently
(X', u, v) = @(x', @, 7)
= L(x', i, ©)
> L(X, @, U)
= f(x)
= o(X, u, v)

= o(x/, u, v)

which is a contradiction. Hence the lemma is true.

To establish a lower bound for the penalty parameter we need the concept of
dual norms. Recall that for any given vector norm || in R’ there is a cor-
responding vector norm ||/, called the dual norm of |||, which is defined by

x| = sup yx.
lyll=1

Recall also that if ®=p,q=1 and (1/p)+(1/q) =1 then for any z in R’ the
p-norm |z, :=(Zi=; |z|")"? and the g-norm |z||, are dual to each other. For a
positive definite and symmetric [ X | matrix A we may define a vector norm ||z[|
by ||z|l4 = (zAz)"*. The dual norm of || 4 is ||-.a-+. For a detailed discussion on the
duality of norms readers are referred to Rockafellar [21, Chapter 15] or House-
holder [9, pp. 39-45]. We note here that it follows from the definition of dual
norms that if two norms ||-|| and ||’ are dual to each other then for any x and y
we have

Peyl =] lyll"
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This is known as the generalized Cauchy inequality and will be needed in the
proof of the following theorem.

Theorem 4.6 (Second order sufficiency implies strict local minimum of exact
penalty). Let the assumptions of Theorem 3.2 hold. Let Q satisfy (1.3) and be
convex on R., let ||| be any given vector norm in R™* and P(x, ) be its
corresponding exact penalty function defined as in (1.2), and let ||| be its dual
norm. Then for any a > & where

the point X is a strict local minimum of P(x, «).
Proof. For a satisfying the above inequality we can find (u, v) € R™* such that
u > i, v>|o| and

aQ'(0+) =lu, o|' > |a, 7|

By Lemma 4.5 there exists a neighborhood N(x) of £ such that for x# £ and
x EN(X)

o(X, u, v) < @(x, u, v),

where ¢ is defined in the same lemma. Hence by the convexity of Q and by the
generalized Cauchy inequality we have that for any x E N(X), a > & and x# &
that

P(x, )= f(x) + aQ'(0+)[g(x)., h(x)|
= f(x) + [lu, v|[lg(x)+, R(x)|
m k
= f(x)+ 21 uigi(x). + _21 vjlhy(x)|
i= j=
> @(X, u, v)
= P(X, a).
It is interesting to note that if Q'(0+) =1 then
&l = ”Ii, 5”00’ dZ - ”ﬁ’ 5“25 A = ”ﬁ’ 5”1

We also note that for any real number p >1 and any [ x[ positive diagonal
matrix D, the quantity ||Dz|, is a norm of the vector z in R and its dual norm is

|ID~'z||,, where (1/p)+(1/q) = 1. The following corollary then is a consequence
of using the norm

oG,

in the last theorem and setting Q({) = {.
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Corollary 4.7. Let the assumptions of Theorem 3.2 hold. Let Q(¢) = ¢, let P(x, «)
be the exact penalty function defined by (1.2) with the norm ||Dz|,, that is

P(x,a) = f(x) + a((g (Bigi(x).) + 'Zkl (Yi’hi(ﬂb”))'/p

where (By, ..., Bm Y15 ... Yi) are the positive elements of the positive diagonal
matrix D. Then for any o > a where

~ m ﬁi q k (lﬁi‘)q)l/q 1
o= —] + = s =1-—
(z (31') 12::1 Vi a p
the point X is a strict local minimum of P(x, a).

Note that this corollary gives a wider range for 8; and v; than that of [2,
Theorem 2] in which

a=a=1, B; > (m*)"9i;,

where equalities were not considered and m* is the number of active inequality
constraints at X.

We establish now the fact the Karush-Kuhn-Tucker conditions (3.5) for
problem (1.1) are under suitable conditions satisfied at local minima of P(x, a).

Theorem 4.8. If there exists an @ =0 such that for all @« = &, P(X, a) < P(x, )
for all x in some open neighborhood N (X) which contains some feasible point of
(1.1), and if f, g and h are differentiable at %, then ¥ and some (@i, ) € R™*
satisfy the Karush—Kuhn-Tucker conditions (3.5) for problem (1.1). ‘

Proof. By Theorem 4.1 x is feasible for problem (1.1) and hence g(x) <0 and
h(x)=0. By Theorem 4.2 x is a local minimum point of P,(x, @) for any a > &
and consequently (X, ¥ =0, Z=0)&R"™** constitute a local solution to the

following problem for any a > &:

minimize f(x)+ a(ey + [2),

(X’y‘Z)R:HmH(
subject to g(x)—y =0, “4.1)
—-y=0,
h(ix)—z =0,
—h(x)—-2z=0,
-2z=0,

where e and | are vectors of ones in R™ and R* respectively. Note that the
Arrow-Hurwicz—Uzawa constraint qualification [13] is satisfied at X, y =0, Z = 0.
(In fact it is satisfied at all feasible points of (4.1) for which g and h are
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differentiable.) Hence there exist (w, 7, §, t, §) € R™™ ™ %% guch that (%, y =0,
z=0,w,F §, t, q) satisfy the Karush-Kuhn-Tucker conditions for problem (4.1)
which turn out to be precisely the Karush-Kuhn-Tucker conditions (3.5) for
problem (1.1) upon making the identifications 7 = w and v = § — t.

Using Theorem 4.8 one may interpret the existence of a local minimum to the
exact penalty function as a constraint qualification which ensures the satis-
faction of the Karush-Kuhn-Tucker conditions at local minima of (1.1).

We sketch in Fig. 1 an outline of the relations obtained in this paper for
convenient reference.

Our concluding result generalizes Zangwill’s result [23] and is restricted to the
convex case. As in Theorem 4.6 an estimate of the size of the penalty
parameter a can be obtained in terms of the optimal Lagrange multipliers of
the original problem (1.1).

cQ

Strict Local

Min. Local Min.@ Exact Penalty Local

(I

FJ2 Exact Penalty Strict
Local Min.

KKT2

CQ: Constraint qualification (2.1).

Strict Local Min.: Strict local minimum of problem (1.1).
Local Min.: Local minimum of probiem (1.1).

Exact Penalty Local Min.: Local minimum of the exact penalty
function (1.2).

Exact Penalty Strict Local Min.: Strict local minimum of (1.2).
KKT: First order Karush-Kuhn-Tucker conditions (3.5) for
problem (1.1).

FJ2: Second order Fritz John conditions of Theorem 3.1 for
problem (1.1).

KKT2: Second order Karush-Kuhn-Tucker conditions of Theorem 3.2
for problem (1.1)

Fig. 1. Summary of results.
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Theorem 4.9. Let x be a solution of (1.1), f and g be convex on R” and h be
linear. Let g(x) <0 and h(x) =0 for some x in R". For any given vector norm |||
in R™** let P(x, a) be its corresponding exact penalty function defined as in (1.2)
with Q satisfying (1.3) and being convex on R... Then P(%, a) < P(x, a) forall xin R
and a = a where

5 sl
Q'(0+)

and |- is the dual norm of ||-|.

Proof. Because Q is convex on R, we have that Q(t) = Q'(0+)t for t =0. For
a =& and any x € R" we have that

P(%, a) = f(£) + aQ(Ig (%), R(E)[)
= f(X)
= f(X) + ug(x) + vh(x)
= f(x) + ag(x) + vh(x) (By Theorem 5.4.8 [12])
=f(x) + ag(x). + vh(x)

=f) +a, ollg(x)-, h(x)|

- =f(x) +-(”-??% Q(lg(x)+, h()) (By convexity of Q)
=< f(x) + aQ(|g(x)+, h(x)]) (By choice of «)
= P(x, a).

We note once more that the penalty function of Corollary 4.7 can be used in
the above theorem with the same lower bound & on « as that given in that
corollary. This again is a sharper bound than that of [2, Theorem 1].
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